ON A TWO-COMPONENT tt-CAMASSA HOLM SYSTEM 



MARTIN KOHLMANN 

Abstract. A novel 7r-Camassa-Holm system is studied as a geodesic flow on 
a semidirect product obtained from the diffeomorphism group of the circle. 
We present the corresponding details of the geometric formalism for metric 
Euler equations on infinite-dimensional Lie groups and compare our results 
to what has already been obtained for the usual two-component Camassa- 
Holm equation. Our approach results in well-posedness theorems and explicit 
computations of the sectional curvature. 
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1. Introduction 

In this paper, we are concerned with the following variation of the two-component 
Camassa-Holm system: 

mt = -m^u-2uxm-Tr{p)p^, 
T^{p)t = -{tt{p)u)^ 



(1) 
where 



m = u-Uxx and tt{p) = p - p{p) ^ p - I pdx; 
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here u{t,x) and p{t,x) depend on a time variable t > and a space variable 
X £S = R/Z. We will call the system ^ the 7r-2CH equation. Observe that Eq. ^ 
reduces for u{p)= to the two-dimensional Camassa-Holm (2CH) equation studied 
in, e.g., 15, 1^, and for 7r(p) = to the one-component Camassa-Holm (CH) 

equation [3|. 

The CH equation first appeared in 1993 and was introduced by virtue of a bi- 
Hamiltonian approach in In the subsequent years, the properties of its solutions, 
which exhibit typically nonlinear phe nomena as wave breaking or peakons, have 
been examined in detail, d 0, H Q ■ In 1998, Misiolek Q showed that the 
CH equation re-expresses geodesic motion on the Bott-Virasoro group. A little later, 
the CH equation with periodic boundary conditions had been recast as geodesic flow 
on the diffeomorphism group of the circle §, [22,, Ji, |3| • A condensed account of the 



geometric picture for the CH equation can be found in 2l|, |2j|. Similarly, the 2CH 
equation has been discussed under geometric aspects and the most important results 
can be found in 13, 1^; here it is shown that 2CH corresponds to a geodesic flow 
on a semidirect product Lie group which is obtained from the diffeomorphism group 
of the circle. Some qualitative properties of the solutions of 2CH and integrability 
issues are the subject of @, [ll,ll7, 23 1. 

We will consider the system ^ in the spaces H'^ x H'^^^ /M. for s > 5/2, where 
— denotes the L2-Sobolev space of regularity s on the circle. There are 

three main reasons why a study of the system ([T]) is of interest: 

• First, since for the 2CH system 
dt 



pdx — — / {pu)x dx — 0, 



it follows that if p has mean zero at time t = 0, the mean of the solution p 
to 2CH will have mean zero at all later times. 

Second, we may decompose the space iJ"^^ — H'^^^ ©R, where H'^^^ is the 
subspace of containing all zero mean functions, with the associated 

projections 



p ^ {Tr(p),p{p)), 



so that p = Tr{p)+p{p) for any p G H^^^ . The aim of the present paper is to 
comment on the behavior of the 2CH system on the non-trivial component 
iJ** X H^^^ . The interesting aspect is that 2CH has a meaningful geometric 
interpretation on the entire space x H^^^ as well as on the component 
i?** X H^~^ which will be provided by our results. 
Finally, a related 7r-2HS system has been proposed in [iH], 

^tXX '^^X^XX '^'^XXX ~t- ^{P^ Px 7 

■^{P)t = -{Tr{p}u)x 

where the author establishes its equivalence to a geodesic equation on a 
Kahlerian manifold which is isometric to a subset of a complex projective 
space, providing an example of an infinite-dimensional Hopf fibration. 
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The outline of the paper and its main resuhs are as follows: In Section [2] we recall 
some preliminaries, concerningdiffeomorphism groups, semidirect products and 
Arnold's geometric formalism [Ij which will be applied to Eq. ^ in the follow- 
ing. In Section [3] we show that Eq. ([1]) can be recast as a geodesic equation on 
a suitable semidirect product group. From the geometric formulation, we obtain 
well-posedness of the system (P) in H'' x H^'-^/R and in C°° x C°°/R. Finally, in 
Section |4] we perform a lengthy computation of the sectional curvature S associ- 
ated with the group of 7r-2CH and compare it to corresponding results for the usual 
two-component Camassa-Holm system. 

2. Preliminaries 

As brief as possible, since the material appears in many publications dealing with 
geometric aspects of the Camassa-Holm equations, we provide some background 
information which is necessary for this paper. 

2.1. The diffeomorphism group of the circle. Let § = M/Z and s > 0. We 

denote by H'^ = H''(E>) the i2-Sobolev space of order s on the circle. Let i/''Diff(§) 
denote the set of orientation-preserving diffeomorphisms § — > § in H'^. It is well- 
known that i/''Diff(§) is a topological group (with respect to composition) and a 
smooth Hilbert manifold for any s > 3/2, cf. llj; an atlas is given by the charts 
(C/i,$i), i = 1,2, where 

Ui ^ {u£ H'; u^> -1,-^ <u{0) < ^} , 
U2 = {ue H"; u.^ > -1, < u(0) < 1} 

and 

^i-. U, ^ H'BiSiS), $i(u) = id + it, 

for i = 1,2, cf. [iBl- The tangent space of iJ*Diff(§) at the identity can be identified 
with the H'^ vector fields on the circle and hence with H^. Furthermore iJ'*Diff(S) 
is parallelizable, i.e., one has the trivialization 

riJ^Diff(§) ~ iJ'*Diff(§) X H', 

and the derivative of the right translation map R^p : i/; i—i' tp o ip on iJ''Diff(§) is 
an automorphism of H'^. For s — >■ 00, the groups iJ*DifF(S) approximate the Lie 
group C°°DifF(S) of smooth and orientation-preserving diffeomorphisms § S, a 
C°°-Frechet manifold on which inversion and composition are smooth maps. We 
can describe its manifold structure as above by replacing H'^ with C°°(S) = C°°. 
Note that ridC°°Diff(§) ~ C°° is a Lie algebra with the bracket 

[u,v] = v^u - u^v. 

2.2. Semidirect products. Let G be a Lie group and V he a vector space. If G 
acts on the right on V, one defines 

(ffl,"!) (52,^2) = {gi92,V2 +W152) 

and with this product, G x V becomes a Lie group (the semidirect product of G 
and V) which is denoted as G(§)V. It is easy to see that (e, 0) is the neutral 
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element, where e denotes the neutral element of G, and that {g, v) has the inverse 
{g~^, —vg~^). The Lie bracket on the Lie algebra of G(§)V is given by 

where denotes the induced action of the Lie algebra g on y and [•, •] is the Lie 
bracket on g. 

We denote by i/^^^/M the space H'^~^ with two functions being identified if they 
differ by a constant, and write [p] for the elements of i/^^^/M. We let be the 
semidirect product H'Diff{S)(i)H'-^{S)/R and G°° = C°°Difr(S)(S)C°°(§)/]R. The 
group product in these groups is given by 

{fl, [/l])(¥'2, [/2]) := ifl O If2, [/2 + .flV2]) 

where ftp := / o is a right action of i/*Diff(§) on the scalar functions on S. The 
neutral clement is (id, [0]) and {(p, [/]) has the inverse {(fi^^, —[fo'P~^])- Clearly, 
is a smooth Hilbert manifold and a topological group and G°° is a smooth Frechet 
manifold and a Lie group. We have the trivializations 

TG" c^G' X H' X H'-^/R, TG°° ~ G°° x G°° x G°°/R 

and the Lie bracket on G°° x G°°/R is given by 

[("1, [U2]), {Vl, N])] = {[ui,Vl], [v2xUl - U2xVl]). 

The derivative of the right shift operator [yj) : {ip, [g]) i-> {ip, [g]){(p, [/]) on these 
groups is 

(2) DR^^,y]){v,[h])^{v,[h])o^ 

and it is an automorphism of x H'^^^ /S. or G°° x G°°/M respectively. 

2.3. Euler equations on infinite-dimensional Lie groups. Consider a rigid 
body in with three rotational degrees of freedom. The classical Euler equation 
for the motion of the body can also be interpreted in a geometric framework, i.e., 
as geodesic equation on the finite-dimensional Lie group S0{3). The geodesies are 
length-minimizing with respect to the left-invariant metric on 5*0(3) that is defined 
by the inertia matrix of the body. The geodesic equation can be written down in 
terms of a set of Christoffel symbols, as a second order equation 

u'' + r*^uV = 

for the Eulerian velocity u of the rigid body. The Eulerian velocity is obtained 
from the Lagrangian picture by applying the derivative of the left shift operator on 
S'0(3) to the velocity on S'0(3). The Christoffel symbols in turn define a covariant 
derivative which is compatible with the left-invariant metric. 

Accor ding to Arnold's [l[ fundamental observation and the work of Ebin and 
Marsden , the above formalism works analogously for the Camassa-Holm equa- 
tion and its supersymmetric extension which have the configuration manifolds 
G°°Diff(S) and G°°Diff(S)(DG°° respectively However, the passage from the finite- 
dimensional group iS'0(3) to the infinite-dimensional diffeomorphism groups has to 
be carried out with care: The kinetic energy metric on the diffeomorphisms has to 
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be right-invariant instead of left-invariant in order to obtain the correct equations 
of motion. It is induced by an inertia operator which is a topological isomorphism 
of the Lie algebra. The Christoffel symbols turn into a Christoffel operator which is 
a right-invariant bilinear map on the tangent bundle. The Eulerian velocity is now 
obtained from a right shift of the Lagrangian velocity to the Lie algebra. Further- 
more, instead of using the Riemannian geometry of finite-dimensional manifolds we 
now have to apply the Riemannian geometry for general Banach manifolds which 
is more subtle. Instead of presenting more details for CH and 2CH, we refer the 



reader to jlSj, [iSj, |l9j, l2l| for an extensive presentation and use the 7r-2CH equation 



to exemplify the approach once again in our next section. 

3. The geometry and solutions of the 7r-2CH system 

In this section, we will straightforwardly introduce the geometric picture for 
Eq. ([1} from which we immediately obtain some well-posedness results. For tech- 
nical purposes, the configuration manifold for 7r-2CH will be at first. 

3.1. The inertia operator. Fix s > 5/2. We introduce A = 1 - 9^ : i?'* — > H"'"^ , 
B = 7t: H'-'^/m. H'-^ and A = diag(^, B) with domain D(A) = ff* x iJ^-i/R 
and range i/*^^ x H^^^ . It is easy to see that A is well-defined and a topological 
isomorphism. 

3.2. The right-invariant metric. We introduce the bilinear and symmetric map 

(., •) : {H' X W-^/Rf ^ M, {{u, [p]), {v, [r])) ^ / {u, [p])A{v, [r]) dx 
which is explicitly given as 

{{u, [p]), {v, [t])} = {uv + u^Vx 4- pr) da; - p(p)/i(r). 

To see that (•, •) is positive definite, we observe that 

[p]))^\\u\\,+ii{p')-^i{pf 

and that p,{p)^ < p{p'^) by the Cauchy-Schwarz inequality, with equality if and only 
if 1 and p are linearly dependent, i.e., iff [p] = [0]. Since iJ'* x H'^^^/R ~ TldG"* and 
in view of the identity ^ we now extend (•,■) to a (weak) right-invariant metric 
on by setting 

m, [[/2]), (Fi, [v^2]))(^,[/]) = ((c/i, m) o (Fi, [V2]) o ^-1) , 

for aU {Ui, [U2]){Vu [V2]) G T(_^^[f])G'' ~ iJ" x iJ^-i/M. That the map {ip, [/]) ^-^ 
(•, •)(^ jj]^ G C'^y^{H^ X H^^^/M.; K)0 is indeed smooth follows from the representa- 
tion 

(([/l,[C/2]),(Fl,[^2]))(^,[/]) = / ({U,V^+U2V2)^x + ^^^)dx 

U2(pxdx / V2(pxdx, 

S JS 



For Banach spaces X and Y, Cl (X; Y) is the space of symmetric bilinear maps X ~^Y . 
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and that the natural topology on any T^^^^imG" is stronger than the topology in- 
duced by (•, follows as in Par. 9 of 

3.3. The Christoffel operator. To obtain the Christoffel map for Eq. ([Ij, we 
rewrite Eq. ^ as 

in this form, the system is also suitable for the formulation of weak solutions. That 
^ is indeed equivalent to the 7r-2CH equation in its initial form follows by applying 
the operator A to Eq. ([3]): The first component reproduces the equation with rrit 
in ^ and the second component gives 

T:{p)t + TT{upx) = ~tt{uxTt{p)) 
which can equivalently be written as 

We now define 

V{u v) - ( + UlxVlx + 7r(M2)7r(w2)) \ 

2V [Ula;7r(w2) + Vla;7r(u2)] / 

for all {u^v) e x iJ^^^/R ~ T(i(j,[o])G'^, and extend F to a right-invariant map 
r(;p_[/]) on TC by setting 

Then r defines a smooth spray {<f, [/]) ^ r(^j/]), C^ymiH" x H'-'^/R; x 

H^~'^ /R), see for a proof in a similar situation. 

3.4. The torsion-free afRne connection. Let X denote the space of smooth 
vector fields on G" and define, for any X, F e X the map 

VxY = DY ■ X - T{X,Y), 

where DY{^, [/]) • [/]) = y((^, [/]) + sX{^, [/])). Then V defines a 

torsion- free affine connection on G", i.e., 

(i) y}x+gYZ = fWxZ + gVYZ, 

(ii) Vx{Y + Z)^VxY + VxZ, 

(iii) Vx(/r) = /Vxy + x(/)y, 

(iv) VjfF- VyX- 

for all X, y, Z G X and all f,g£ C°° (G" ; M) ; this can be proved using that the Lie 
bracket is given locally by 

[X, Y]= DY ■ X - DX -Y. 
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3.5. The geodesic flow and weU-posedness. A geodesic on is a solution 

t ^ if^ of the equation ^ (.pt,[fU)ift^ [/]*) = 0- i-^-, 

[f]tt) = r(yjy])((^t, [f]t), (ipt, [/]*)). 

On the other hand, since we have a metric on C?*, a geodesic can also be understood 
as a minimizer of the functional 

We now show that the metric and the affine connection produce indeed the same 
geodesic flow on G*, i.e., the connection V preserves the metric (•, •). 

Lemma 1. The metric (•, •) and the connection V are compatible in the usual sense 

X {Y, Z) = {VxY, Z) + {Y, VxZ) , VX, F, Z e X. 

Proof. By the same arguments as in the proof of Proposition 3.1 in [l^ it is enough 
to check that 

= {v2xUl,Bw2) + {w2xUl,Bv2) + {\{Tr{v2)lT(u2))x,Wi) 

+ {\{'It{w2)tt{u2))x,Vi) + {\{vixTt{u2) + Mla;7r(w2 ) ) , BW2 ) 
+ {\{wixT^{u2) + UixTt{w2)),Bv2) , 

where (•, •) denotes the L2-pa'iring. Using the definition of /i and tt and performing 
integration by parts, we see that this is indeed true. □ 

We thus obtain a well-defined geodesic fiow for the 7r-2CH equation. Since the 
geodesic spray for 7r-2CH is smooth, we also obtain the following weU-posedness 
result. 

Theorem 2. Let s > 5/2. There is an open neighborhood U of zero in H'' xH''^^ /M. 
such that for any (uq, [po]) G U there is T > and a unique solution (</?, [/]) G 
C°°([0, T), G*) of the initial value problem 

( {<ptt,[f]tt) = r(^,[/])((v5t,[/]0,(<pt, [/]*))> 

(4) <^ (Vt,[/]t)(0) = K,[po]) 

[ (^,[/])(0) = (id,[0]) 

for the geodesic flow corresponding to the TT-2CH system on G'^ , with smooth de- 
pendence on (uqi [po])j j-e., the local flow 

$ : (i, uo, [po]) ^ Ht. [po]) = [/]), [0, T)xU^G' 

is smooth. 

Corollary 3. Let s > 5/2. There is an open neighborhood U containing (0, [0]) in 
X H^^^ /R such that for any (uq, [po]) G U there is T > and a unique solution 
{u, [p]) to the initial value problem for the TT-2CH system ([T]) with 

(u, [p]) eC{[0,T);H' X H'-^/]&}nC\[0,T);H''-^ xH'-^/R), 
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{u, [p])(0) — (uq, [po]) and with continuous dependence on (uq, [po]), i-e., the map- 
ping 

{uo, [po]) ^ {u, [p]), U -> C([0,T);i/-' x H'-^ /K)r^C\[Q,T)■W-^ x H'-^ /R) 
is continuous. 

Proof. Let {ip, [/]) denote the solution of Eq. (|4]) obtained in the proof of Theorem[2j 
We now set 

(5) {u,[p]) = {ipt,[f]t)o^'' 

and conclude, in view of the group properties of G*, that (u, [p]) is a solution with 
the desired regularity to the Caucliy problem for the 7r-2CH equation. □ 

Indeed, well-posedness also holds in the smooth category. To prove this, we make 
use of the following lemma. 

Lemma 4. The tt-2CH equation enjoys the conservation laws 

(m o (p)(pl + (7r(p) o (p)fx(px = mo, (7r(p) o ip)ip^ = 7r(po)- 
Proof. Using the relation ([5]) and Eq. ([Ij we have that 

^[{n{p) o ip)ipx] = [(7r(p)f + ■n{p)xU + UxTt{p)) o ip\ipx = 
at 

and second 

^[(m o ip)ip1 + (7r(p) o ip)fx(px] = [{mt + rUxU + 2uxm + tt{p)px) ° 'p\v1 = 0. 

This achieves the proof. □ 

Theorem 5. There is an open neighborhood U of zero in X H'^/R such that for 
any (uq, [po]) £ U D (C°° x C°°/]R) there is T > and a unique solution (u, [p]) to 
the initial value problem for the Tr-2CH system ([T]) with 

{u, [p]) e C°"([0,T);C°° X C°°/M), 

{u, [p\){0) = (mq, [po]) o,iT-d with smooth dependence on (uq, [po]), i.e., the map 

{uo, [po]) ^ {u, [p]), Un (C°° X C°°/R) C°°([0, T); C°° x C°°/R) 

is smooth. 

Proof. We show that the geodesic flow obtained in Theorem [5] preserves spatial 
regularity when we increase the regularity of the initial data. Let $ : [0, T^) xU^ 
G^, Uo, [po]) = if, [/]), be the smooth local flow for the 7r-2CH equation on G^, 
obtained in Theorem[2l Pick (mq, [po]) G f/3 n (C°° x C°°/M) and let [0,r^) denote 
the interval of existence for the associated solution (ip, [f]){t) in G"*, for s > 3. By 
uniqueness, we know that Tg < T3 and it follows from Theorem 12.1 in [ll| and 
Lemma 12 that T^ < T3 is not possible. Hence ((^, [/]) £ C°°([0, Tg); G") for any 
s > 3, and Eq. ©, the group properties of G°° = ns>5/2Gs and an application of 
Lemma 3.10 in [IJ] complete the proof. □ 
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4. The sectional curvature associated with the 7r-2CH system 
For X,Y,Z eX let 

Y)Z = Vx^yZ - Vy^xZ - y[x,Y]Z 

and 

S{X, Y) = {R{X, Y)Y, X) 

denote the curvature tensor and the unnormalized sectional curvature associated 
with the 7r-2CH system. In this section, we compute an explicit formula for S and 
compare our result to what has been obtained for the two-dimensional Camassa- 



Holm system in [13| . Note also that the physical motivation for studying curvatures 
is that the positivity (or negativity) of the sectional curvature of the configuration 
manifold is closely related to the stability (or instability) of the geodesic flow under 
small perturbations of the initial value [2] . 

Theorem 6. The sectional curvature S at the identity element of G°° for the 
'K-2CH equation is given by 

S{u,v) = {r{u,v),T{u,v)) - {T{u,u),T{v,v)) 

+fJ.{uixV2)'^ + fJ-{u2xVl)^ + ^.{uiU2x)tl{vixV2) + ti{u2Vlx) n{uiV2x) ■ 

Proof. We make use of the local formula for the tensor field Rp 
Rp{U, V)W ^DiTpiW, U)V - DiTpiW, V)U 

+ Tp{Tp{W, V),U)- Tp(Tp{W, U),V) 
where Di denotes differentiation with respect to p, i.e., 



DiTp{W,U)V = ^ 
ae 



Tp+,v{W,U). 

e=0 



By right- invar iance, it suffices to study the curvature at the identity p = (id,0). 
Let u = (ui, M2), V = {vi,V2) and w = {wi,W2) be three vectors in H'^ x H'^^^/R; to 
keep the notation as simple as possible, we omit the [•] for the second components 
in the following. First, we observe that 

Dir{w,u)v = -T{wxVi,u) - r{uxVi,w) + T{w,u)xVi. 

Thus, 

s(u, v) — (r(r(w, v), u),u) — (r(r(w, u), w), u) 

(6) + {T{v,u)xVi,u) - {T{v,v)xUi,u) 

+ {-^{VxVl,u) - T{v,UxVi) + 2V{vxUi,v),u) . 

To simplify the first four terms on the right-hand side of Eq. ^ , we define a bilinear 
operator B = (81,82) on x H'-'^/R by 

/'Bi{u,v)\ _ /'-A^'^{2vixAui + viAuix + v2xBu2)\ 
\82iu,v)J ~ \ ~B-\viBu2)x J 

_ f-A^'^{2vixAui 4- viAuix + V2x'^{u2))\ 

V -[{tt{u2)vi)x] J ' 
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Then B satisfies {B{u,v),w) — {u, [v,w]) and 

r(",w) = 2 



B{u,v) + B{v,u) 



\u2xVl + V2xUl\ 

and it follows by the line of arguments in Proposition 5.1 of [l3| that we can simplify 
dSI) to 

S{u, v) = {T{u, u), r(u, v)) - {T{u, u), T{v, v)) 

U2xVlJ I \\U2xUlJ 

+ {-'^{VxVl,u) - r(-y, UxVi) + 2T{vxUi,v), u) , 

It is a long and strenuous computation which shows that 

,T{u,v) ) + {[ ,T^{v,v) 

U2xVlJ I \\U2xUlJ 

+ {-T{vxVi,u) - T{v,UxVi) + 2T{vxUi,v),u) 

= KuixV2f + ^^{u2xVlf + fJ.{uiU2x)fJ'{vixV2) + M("2W1k)m(miW2x); 

the details are left to the reader. □ 

Remark 7. Note that a further consequence of Theorem [H] is that it provides 
another example that the sectional curvature is generally not given by the nice 
formula 

(7) S{u, v) = (r(u, v),T{u, v)) - (r(u, u),T{v, v)) 

which turned out to be valid for the one-component Camassa-Holm equation and 
its supersymmetric extension (where (■, ■) and F denote the corresponding metric 
and the ChristofFel operator respectively). We have found a further example point- 
ing out that an identity of type ([7]) is far from being standard from the general 
theory of Riemannian connections on Banach manifolds. Other counterexamples 
are presented in 20 , iH| . 
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